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Local symmetries of a non-expanding horizon has been investigated in the 1st order formulation
of gravity. When applied to a spherically symmetric isolated horizon only a U(1) subgroup of the
Lorentz group survives as residual local symmetry that one can make use of in constructing an
effective theory on the horizon.
PACS numbers: 04.70.Bw, 04.70.Dy
In this note we explore local symmetries of a non-
expanding horizon (NEH) in the first order formulation
of gravity. For a detailed definition of NEH see [1, 2]. For
our present purpose it is sufficient to characterize NEH
to be a lightlike hypersurface ∆ imbedded in spacetime
such that the unique (up to scaling by a function) light-
like, real vector field l tangential to ∆ is expansion, shear
and twist-free. Since l is also normal to ∆, it is geodesic
as well. These properties of ∆ are independent of the
scaling of l [1, 3]. Let us further assume that ∆ is topo-
logically equivalent to S× R where S is a 2-sphere.
In the first order formulation Einstein’s theory of grav-
ity is invariant, apart from diffeomorphisms, under the
local Lorentz group. Here our specific interest is primar-
ily to find out the residual local symmetry of a NEH.
Then based on the residual gauge group we wish to pro-
pose an effective theory on the horizon whose subsequent
quantization would yield the quantum states of a black
hole. There is a recent upsurge of interest in such effec-
tive theories, where an SU(2) Chern-Simons theory has
been proposed [4] as the effective quantum theory on the
horizon in contrast to a U(1) theory proposed earlier [5–
7]. In the canonical formulation of loop quantum gravity
one gauge fixes the full Lorentz group to its rotation sub-
group SU(2) and the canonical theory reduces to a SU(2)
gauge theory. This is the main reason of suspecting that
a SU(2) gauge theory (expectedly a topological one) may
play a role as the effective theory on the horizon in this
case [8–13]. However, for a NEH our result goes in favour
of the U(1) theory, as we exhibit below.
First, let us see how a NEH∆ reduces the local Lorentz
symmetry. Being expansion, shear and twist-free, certain
Newman-Penrose coefficients κNP, ρ, σ vanish on ∆; κNP
vanishes because the null-normal l is a geodesic vector
field, ρ vanishes because the expansion of l vanishes and
σ vanishes because l is shear-free also. These conditions
are satisfied only on ∆. However, the Newman-Penrose
coefficients are sensitive to the local Lorentz transforma-
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tions [14]
l 7→ ξl, n 7→ ξ−1n,m 7→ m, (1)
l 7→ l, n 7→ n,m 7→ eiθm, (2)
l 7→ l, n 7→ n− cm− c¯m¯+ cc¯l,m 7→ m− c¯l, (3)
l 7→ l − bm− b¯m¯+ bb¯l, n 7→ n,m 7→ m− b¯n, (4)
where ξ, θ, c, b are smooth functions on ∆. Under (1), (2)
and (3), κNP, ρ, σ transform respectively as
κNP 7→ ξ2κNP, ρ 7→ ξρ, σ 7→ ξσ (5)
κNP 7→ eiθκNP, ρ 7→ ρ, σ 7→ e2iθσ (6)
κNP 7→ κNP, ρ 7→ ρ− c κNP, σ 7→ σ − c¯ κNP. (7)
Since they transform homogeneously, their vanishing re-
main invariant under (1)-(3). However, under (4) they
transform inhomogeneously
κNP 7→ κNP − b¯ρ− bσ + |b|2τ + 2b¯2α+ 2|b|2β
− 2b¯|b|2γ − 2b¯ǫ− b¯|b|2(µ− µ¯) + b¯2|b|2ν
+ b¯2π − b¯3λ+Db¯ − bδb¯− b¯δ¯b¯+ |b|2∆b¯
ρ 7→ ρ− bτ − 2b¯α+ 2|b|2γ − b¯|b|2ν + b¯2λ+ δ¯b¯− b∆b¯
σ 7→ σ − b¯τ − 2b¯β + 2b¯2γ − b¯3ν + b¯2µ+ δb¯ − b¯∆b¯ (8)
where D = ∇l, ∆ = ∇n, δ = ∇m and δ¯ = ∇m¯. Clearly,
the NEH boundary conditions are satisfied if and only if
b = 0.
The Lorentz matrices associated with the transforma-
tions (1)-(3) are respectively
ΛIJ =− ξlInJ − ξ−1nI lJ + 2m(Im¯J), (9)
ΛIJ =− 2l(InJ) + (eiθmIm¯J + c.c.), (10)
ΛIJ =− lInJ − (nI − cmI − c¯mI + |c|2lI)lJ
+ (mI − c¯lI)m¯J + (m¯I − clI)mJ (11)
and the corresponding generators are respectively
BIJ = (∂ΛIJ/∂ξ)ξ=1 = −2l[InJ], (12)
RIJ = (∂ΛIJ/∂θ)θ=0 = 2im[Im¯J], (13)
PIJ = (∂ΛIJ/∂Re c)c=0 = 2m[I lJ] + 2m¯[I lJ], (14)
QIJ = (∂ΛIJ/∂Im c)c=0 = 2im[I lJ] − 2im¯[I lJ], (15)
2where B,R generate (1) and (2) respectively and P,Q
generate (3). A straightforward calculation gives their
Lie brackets
[R,B] = 0, [R,P ] = Q, [R,Q] = −P,
[B,P ] = P, [B,Q] = Q, [P,Q] = 0, (16)
where [R,B]IJ = RIKB
K
J−BIKRKJ and so on. This is
the Lie algebra of ISO(2)⋉R where the symbol ⋉ stands
for the semidirect product; R,P,Q generate ISO(2) and
B generates R.
Clearly, the NEH boundary conditions are invariant
only under a subgroup of the local Lorentz group. We
should keep note of the fact that the group ISO(2)⋉ R
is non-semisimple; its Cartan-Killing metric K is doubly
degenerate
K =


R B P Q
−2 0 0 0
0 2 0 0
0 0 0 0
0 0 0 0

. (17)
Let us consider the Palatini connection AIJ and in the
interior of the spacetime let us expand AIJ in the internal
Lorentz basis
AIJ =− 2Wl[InJ] + 2Vm[Im¯J] + 2(N¯n[ImJ] + c.c.)
+ 2(U¯l[ImJ] + c.c.) (18)
where W,V,N,U are connection 1-forms; as defined, W
is real, V is imaginary and N,U are complex (in all, there
are six of them associated with the six generators). For
the rest of our analysis we will fix an internal Lorentz
frame for which lI , nI ,mI , m¯I are constants. However,
our results will be unaffected by such a choice.
The pull-back of the Palatini connection to the NEH
∆ is of the form
AIJ , −2Wl[InJ] + 2Vm[Im¯J] + 2(U¯ l[ImJ] + c.c.)(19)
where W,V, U are respectively the pull-backs of W,V,U.
Clearly, the 1-form N , which is the pull-back of N, van-
ishes on ∆ by the NEH boundary conditions. Proof: The
simplest way to show this is to relate the connection 1-
forms to the Newman-Penrose coefficients (the constant
lI , nI ,mI , m¯I basis simplifies these relations):
W =−(γ + γ¯)l − (ǫ + ǫ¯)n+ (α+ β¯)m+ (α¯+ β)m¯ (20)
V = −(γ − γ¯)l − (ǫ − ǫ¯)n+ (α− β¯)m+ (β − α¯)m¯ (21)
U = −ν¯l − π¯n+ µ¯m+ λ¯m¯ (22)
N = τl + κNPn− ρm− σm¯. (23)
So only four independent connection 1-formsW,V, U sur-
vive on ∆. This is consistent with our earlier result that
the residual gauge group on ∆ is ISO(2) ⋉ R that has
only four generators. However, below we present an in-
dependent analysis for the connection to prove this.
Under the local Lorentz transformations (1)-(4) the
Palatini connection (18) transform as
AIJ 7→ ΛIKAKLΛJL + ΛIKdΛJK (24)
where ΛIJ are the associated Lorentz matrices (9)-(11)
for (1)-(3) and for (4)
ΛIJ =− (lI − bmI − b¯m¯I + bb¯nI)nJ − nI lJ
+ (mI − b¯nI)m¯J + (m¯I − bnI)mJ . (25)
A lengthy but straightforward calculation shows that un-
der the Lorentz transformations (9)-(11) the connection
1-forms transform as
W 7→W− d ln ξ,V 7→ V,U 7→ ξU,N 7→ ξ−1N. (26)
W 7→W,V 7→ V− idθ,U 7→ e−iθU,N 7→ e−iθN. (27)
W 7→W− cN− c¯N¯,V 7→ V− cN+ c¯N¯,
U 7→ U− dc¯+ c¯(W− V)− c¯2N¯,N 7→ N. (28)
Since N transforms homogeneously, its pull-back N , 0
in one frame implies that it vanishes in all Lorentz frames
related by (9)-(11). However, under (25), the connection
1-forms transform as
W 7→W+ bU+ b¯U¯,V 7→ V− bU+ b¯U¯
U 7→ U,N 7→ N+ db¯− b¯(W+ V)− b¯2U¯. (29)
Clearly, in this case N , 0 if and only if b satisfies the
equation db , b(W −V +bU¯) =: bY where Y is a 1-form.
This equation has a nontrivial solution if and only if Y
is a closed 1-form. However, we show that the equation
admits only the trivial solution, b = 0. Proof: Since b is
a constant in the phase space of a NEH, it is sufficient
to show that Y is not closed for one specific NEH. Con-
sider for example the event horizon of the Schwarzschild
solution. In units G = 1 and in advanced Eddington-
Finkelstein coordinates
W =
1
4M
dv, U = − 1√
2
(dθ + i sin θ dφ),
V = −i cos θ dφ. (30)
As a result, dV and dU are proportional to the 2-sphere
area 2-form and dW = 0. However, since Y depends on
b, one can ask is there any b for which dY , 0? The
answer is explicitly verifiable and one easily finds that
dY , 0 if and only if b = 0. Since Y is not closed, acting
d once more on the equation db = bY one gets
0 = db ∧ Y + b dY = bY ∧ Y + b dY = b dY, (31)
which yields the unique solution b = 0. This shows that
the connection (19) is indeed an ISO(2)⋉R connection.
Here we wish to remark that one could also arrive at (26)-
(29) directly using the relations (20)-(23) and the appro-
priate Lorentz transformations of the Newman-Penrose
coefficients [14].
3It is to be noted that unlike the Palatini connection,
the Ho¨lst connection HIJ := AIJ− 12γBǫIJKLAKl, where
γB is the Barbero-Immirzi parameter, does not transform
as a connection under any of the local Lorentz transfor-
mations (1)-(4).
For later convenience we expand (19) in the basis (12)-
(15) of the Lie algebra iso(2)⋉R:
AIJ = 2ABBIJ + 2ARRIJ + 2APPIJ + 2AQQIJ (32)
where 2AB =W , 2AR = −iV , 2AP = −ReU and 2AQ =
ImU . The connection 1-forms AB, AR, AP , AQ will turn
out to be more useful in the context of an effective theory
on the horizon.
Let us now turn our attention to the symplectic struc-
tures. The Ho¨lst action [15] gives rise to the symplectic
current 3-form (in units of 4πGγB = 1 and E
I is the
spacetime tetrad 1-form)
J(δ1, δ2) = −1
4
δ1(E
I ∧ EJ ) ∧ δ2HIJ − (1↔ 2). (33)
Its pull-back to ∆ gives the boundary symplectic current.
For simplicity, we take ∆ for the rest of our analysis to
be a spherically symmetric isolated horizon. A straight-
forward calculation gives the pull-back current J
J(δ1, δ2) ,
1
2
δ1
2ǫ ∧ δ2(iV + γBW )− (1↔ 2) (34)
where 2ǫ is the area 2-form of some spherical cross-section
of ∆. In the derivation of the symplectic current it is suf-
ficient to assume that the spherical cross-section foliates
∆ and is not necessarily a geometric 2-sphere. However,
for the rest of our analysis we will restrict ourselves to
the unique foliation of ∆ in which each leaf is a geometric
2-sphere; this is possible if and only if the isolated hori-
zon ∆ is spherically symmetric. For such a horizon with
a fixed area A = ∫ 2ǫ the 1-form W is closed and dV is
proportional to 2ǫ [16, 17]
dW , 0, dV ,
4πi
A
2ǫ (35)
where d is the exterior derivative intrinsic to ∆. Using
(35) we find that the symplectic current 3-form is exact
on ∆
J(δ1, δ2) , dj(δ1, δ2) where
j(δ1, δ2) = − A
8π
δ1(iV + γBW ) ∧ δ2(iV + γBW ). (36)
It is to be noted that in the iso(2) ⋉ R basis the 1-form
iV + γBW = −2(AR − γBAB). This gives a boundary
symplectic structure (putting back 4πGγB = 1)
Ω(δ1, δ2) = − A
8π2GγB
∫
S
δ1ACS ∧ δ2ACS (37)
where S is the unique spherical cross-section of ∆ and
ACS = AR − γBAB .
The form (37) suggests that on a spherically symmetric
isolated horizon one can take the effective boundary the-
ory as a U(1) Chern-Simons theory. Two distinct cases
of U(1) arise: i) If either the pull-back of AB vanishes
on S [18] or one restricts the gauge freedom (1) to a con-
stant class (ξ = constant, as has been the original choice
[6]) then one gets a compact U(1), ii) In general, if
no restrictions are imposed, then one gets a noncompact
U(1).
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